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In this paper, we consider homeomorphisms of compact connected orientable Seifert man-
ifolds with hyperbolic orbifolds, and give some bounds involving the rank and the index of
ﬁxed point classes. One consequence is an index bound for ﬁxed point classes. We rely on
the classiﬁcation of 2-orbifolds homeomorphisms and the similar bounds on surfaces.
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1. Introduction
Fixed point theory studies ﬁxed points of a selfmap f of a space X . Nielsen ﬁxed point theory, in particular, is con-
cerned with the properties of the ﬁxed point set Fix( f ) that are invariant under homotopy of the map f (see [4] for an
introduction).
The ﬁxed point set Fix( f ) splits into a disjoint union of ﬁxed point classes: two ﬁxed points are in the same class if and
only if they can be joined by a Nielsen path, which is a path homotopic (relative to endpoints) to its own f -image. For
each ﬁxed point class F, a homotopy invariant index ind( f ,F) ∈ Z is deﬁned. A ﬁxed point class is essential if its index is
non-zero.
In a paper by B.J. Jiang, S.D. Wang and Q. Zhang [9], another homotopy invariant characteristic chr( f ,F) ∈ Z is de-
ﬁned for a ﬁxed point class F. For an endomorphism φ : G → G of a group G , its ﬁxed subgroup refers to the subgroup
Fix(φ) := {g ∈ G | g = φ(g)} ⊂ G . The stabilizer of a ﬁxed point x ∈ F is the subgroup Stab( f , x) := Fix( fπ ) ⊂ π1(X, x), where
fπ : π1(X, x) → π1(X, x) is the induced endomorphism. Since it is independent of the choice of x ∈ F, up to isomorphism,
the stabilizer of a ﬁxed point class F is deﬁned as Stab( f ,F) := Stab( f , x), for any x ∈ F. The rank of F is deﬁned as
rank( f ,F) := rankStab( f ,F),
where the rank of a group is the minimal number of generators. The characteristic of a ﬁxed point class F is deﬁned as
chr( f ,F) := 1− rank( f ,F),
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chr( f ,F) := χ(S) = 2− rank( f ,F).
For brevity, we will write Stab(F), rank(F) and chr(F) if no confusion exists for the selfmap f in the context.
What is more, they gave the following bounds involving the characteristic and the index of ﬁxed point classes.
Theorem1.1. ([9, Theorem 1.1]) Suppose X is either a connected ﬁnite graph or a connected compact hyperbolic surface, and f : X → X
is a selfmap. Then
(A) ind(F) chr(F) for every ﬁxed point class F of f ;
(B) when X is not a tree,∑
ind(F)+chr(F)<0
{
ind(F) + chr(F)} 2χ(X),
where the sum is taken over all ﬁxed point classes F with ind(F) + chr(F) < 0.
In this paper, we consider homeomorphisms of compact connected orientable Seifert manifolds, and give similar bounds
involving the rank and the index of ﬁxed point classes. Our main result is
Theorem 1.2. Suppose M is a compact connected orientable Seifert manifold (closed or with boundary)with hyperbolic orbifold X(M),
and f : M → M is a homeomorphism. Then
(A) ind(F) chr(F) for every essential ﬁxed point class F of f ;
(B)
∑




4(3− rankπ1(M)) M = F × S1, where F is a closed surface,
4(2− rankπ1(M)) others.
As a direct consequence, we have bounds on the indices of ﬁxed point classes.
Theorem 1.3. Suppose M is a compact connected orientable Seifert manifold with hyperbolic orbifold X(M), and f : M → M is a
homeomorphism. Then the index of each ﬁxed point class of f has bounds. More precisely,
(A) ind(F) 1 for every ﬁxed point class F of f ;
(B) Let B be deﬁned as in Theorem 1.2. Then∑
ind(F)+1<0
{
ind(F) + 1} B,
where the sum is taken over all ﬁxed point classes F with ind(F) + 1 < 0.
The bounds are similar to the one on graphs and surfaces [5]. When f is orientation preserving, B.J. Jiang and
S.C. Wang [7] proved that the index of each essential ﬁxed point class of f is ±1.
Moreover, we can get an immature bound on the rank of ﬁxed subgroups from Theorem 1.2 immediately.
Corollary 1.4. Suppose f : M → M is a homeomorphism of a compact connected orientable Seifert manifold with hyperbolic orbifold
X(M). Let fπ : π1(X, x) → π1(X, x) be the induced automorphism and Fix( fπ ) := {γ ∈ π1(X, x) | γ = fπ (γ )} ⊂ π1(X, x), where
x is in an essential ﬁxed point class. Then
rankFix( fπ ) < 2 rankπ1(M).
Remark. In a recent paper by J.F. Lin and S.C. Wang [10], it is proved that for each automorphism φ : π1(M) → π1(M) on a
hyperbolic 3-manifold M , rankFix(φ) < 2 rankπ1(M). However, If φ : π1(M) → π1(M) is a generic automorphism of a Seifert
manifold M , then the similar result in Corollary 1.4 dose not hold, and S.C. Wang give a counter example (Example 5.2) such
that the rank of the ﬁxed subgroup is inﬁnite.
Notations and conventions. Given a set X in M , we use N(X) to denote a regular neighborhood of X , use #X to denote the
number of points in X .
A map f on a Seifert ﬁber space M is a ﬁber preserving map if it maps ﬁbers to ﬁbers. Identifying each ﬁber of M to a
point, we get a set X(M), which has a natural 2-dimensional orbifold structure [12, §3]. If f is ﬁber preserving, it induces a
map f ′ : X(M) → X(M). An isotopy ht (t ∈ I) of a Seifert ﬁber space is ﬁber preserving if each ht is a ﬁber preserving map.
It is a ﬁberwise isotopy if ht maps each ﬁber to itself.
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We refer the reader to [12, §2] and [8, §1 and §2] for deﬁnitions about 2-dimensional orbifolds, their Euler characteristics
and other basic concepts and properties. All orbifolds in this section are assumed compact. Recall that an orbifold is good
if it is covered by a surface. An orbifold is hyperbolic (resp. Euclidean) if it has negative (resp. zero) Euler characteristic.
A hyperbolic orbifold is covered by a hyperbolic surface and admits a hyperbolic structure with totally geodesic boundary.
A reﬂector circle or reﬂector arc will be called a reﬂector. Denote by S(X) the set of singular points of an orbifold X . Thus
each component of S(X) is either a cone point, a reﬂector, or a union of reﬂector arcs joined at reﬂector corners.
In this paper, we say p : X˜ → X is a covering, it means that p is a covering of manifolds when X is a manifold, or an
orbifold covering when X is an orbifold.
Deﬁnition 2.1. A homeomorphism of an orbifold X is a map f : X → X such that (1) f is a homeomorphism of the underlying
topological space, and (2) f preserves the orbifold structure, i.e., it maps a cone point (resp. reﬂector corner) to a cone point
(resp. reﬂector corner) of the same angle, and it maps a reﬂector to a reﬂector.
Similarly, an isotopy on X is a continuous family of orbifold homeomorphisms ft ,0 t  1. In this case, ft is called an
isotopy from f0 to f1.
Similar to the Thurston canonical map of hyperbolic surfaces from [13], we have the following proposition from [8,
Theorem 1.4 and Remark 1.9].
Proposition 2.2. Let X be a compact connected hyperbolic orbifold. Every homeomorphism f : X → X is isotopic to a homeomorphism
ϕ such that either
(1) ϕ is a periodic map, i.e., ϕm = id for some m 1; or
(2) ϕ is a pseudo-Anosov map, i.e., S(X) has only cone points, and ϕ : X ′ → X ′ is a pseudo-Anosov map in the sense of Thurston,
where X ′ is the punctured surface X − S(X); or
(3) ϕ is a reducible map, i.e., there is a set of mutually disjoint curves Γ = {Γ1, . . . ,Γk} in intM with the properties bellow.
(a) Each Γi is either a circle disjoint from S(X), or is a reﬂector circle, or is an arc with interior disjoint from S(X) and with ends
on cone points of order 2.
(b) Γ is invariant by ϕ (but the Γi ’s may be permuted) and each component of M − Γ is a hyperbolic orbifold.
(c) Γ has a ϕ-invariant tubular neighborhoodN (Γ ) such that on each (not necessarily connected) ϕ-component of M −N (Γ ),
ϕ satisﬁes (1) or (2).
(d) Γ is minimal among all sets satisfying (a), (b) and (c).
Remark 2.3. A set of mutually disjoint curves in Case (3) of Proposition 2.2 is called a canonical reducing set. The minimality
condition (d) is equivalent to the condition of having maximal periodic pieces, that is, no periodic piece can be combined
with a neighboring one by eliminating the reducing curve between them. It can be shown that if Γ is a canonical reducing
set of ϕ , then its lifting Γ˜ is a canonical reducing set of a lifting of ϕ on a compact covering surface X˜ of X . Since the
canonical reducing set of a surface homeomorphism is unique, it follows that the canonical reducing set for ϕ is also unique,
and it is empty if and only if ϕ is isotopic to a periodic or pseudo-Anosov map.
Proposition 2.4. Let X˜ be a surface that covers X, and let f˜ : X˜ → X˜ be a lifting of f . If f is periodic (resp. pseudo-Anosov, reducible),
then f˜ is also periodic (resp. pseudo-Anosov, reducible).
Proof. It is clear from [8, Theorem 1.5 and Remark 1.9]. 
3. Fixed points and standard maps
Let X be a connected compact polyhedron, and f : X → X a selfmap.
A subset A ⊂ X is said to be f -invariant if f (A) ⊂ A. Let A, B be two path-connected f -invariant subsets. If there are two
paths c1, c2 : I → X such that c1  c2 : I,0,1 → X, A, B , then we say that c1 is homotopic to c2 rel (A, B), denoted by c1 
c2 rel (A, B). Two f -invariant subsets A, B are said to be f -related if there is a path c : I → X such that c  f  c rel (A, B),
denoted by A ∼ f B . In particular, two ﬁxed points x and y of a map f are in the same ﬁxed point class if and only if they
are f -related.
Deﬁnition 3.1. Suppose X is a connected compact polyhedron. A map f : X → X is said to have FR-property (Fixed-point
Relating Property) if the following is true:
If A ∈ Fix( f ) and B is either a ﬁxed point of f or an f -invariant component of ∂M , and A, B are f -related by a path
c : I,0,1 → X, A, B , then there is a path γ ⊂ Fix( f ) such that c  γ rel (A, B).
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Let M be a manifold or a 2-dimensional orbifold. A covering p : M˜ → M is characteristic if the corresponding subgroup
p∗π1(M˜) is a characteristic subgroup of π1(M). Recall that if G is a ﬁnite index subgroup of a ﬁnitely generated group H ,
then there is a ﬁnite index characteristic subgroup G ′ of H , such that G ′ ⊂ G . It follows that given any ﬁnite covering
p : M˜ → M of a compact 3-manifold or 2-orbifold M , there is a ﬁnite covering q : M̂ → M˜ so that p  q : M̂ → M is a
characteristic covering. In this case, for any homeomorphism f : M → M with y = f (x), and any points x˜ and y˜ covering x
and y respectively, there is a lifting f˜ of f such that f˜ (x˜) = y˜.
Similar to [8, Lemma 5.3], we have the following
Lemma 3.3. Let M be a manifold or a 2-dimensional orbifold. Suppose A and B are f -invariant subsets of M which are f -related by a
path γ . Let p : M˜ → M be a characteristic covering map, and A˜ a component of p−1(A). Then there is a lifting f˜ of f , and a lifting γ˜
of γ , which f˜ -relates A˜ to a component B˜ of p−1(B).
Lemma 3.4. Let p : M˜ → M be a d-fold characteristic covering of a manifold M, and let f : M → M be a homeomorphism. Let
F = { f˜1, f˜2, . . . , f˜d} be the liftings of f . Then∑
f˜ ∈F ,˜F f˜ ⊂Fix( f˜ )
ind( f˜ , F˜ f˜ ) = d × ind( f ,F),
for every ﬁxed point class F of f , where the sum is taken over all liftings f˜ ∈ F and all ﬁxed point classes F˜ f˜ ⊂ p−1(F).
Proof. Since indices of ﬁxed point classes are homotopy invariants of the map f , via perturbation, we assume that all ﬁxed
points of f are isolated.
Since p : M˜ → M is a d-fold characteristic covering, #p−1(x) = d for any point x ∈ Fix( f ). For a point x˜ ∈ p−1(x), there is a
unique lifting f˜ x ∈ F , such that f˜ x(x˜) = x˜ and ind( f , x) = ind( f˜ x, x˜). By Lemma 3.3, we have #(⋃ f˜ ∈F F˜ f˜ ) = #p−1(F) = d#F.
Hence the equality holds. 
Let M be a compact connected hyperbolic surface. A standard form of homeomorphisms on M developed in [6] with
ﬁne-tuned local behavior from the Thurston canonical map from [13].
Theorem T. Let M be a compact connected hyperbolic surface. Every homeomorphism f : M → M is isotopic to a homeomorphism ϕ
such that either
(1) ϕ is a periodic map, i.e., ϕm = id for some m 1, or equivalently, ϕ is an isometry with respect to some hyperbolic metric on M;
or
(2) ϕ is a pseudo-Anosov map, i.e., there is a number λ > 1 and a pair of transverse measured foliations (Fs,μs) and (Fu,μu) such
that ϕ(Fs,μs) = (Fs, 1
λ
μs) and ϕ(Fu,μu) = (Fu, λμu); or
(3) ϕ is a reducible map, i.e. there is a system of disjoint simple closed curves Γ = {Γ1, . . . ,Γk} in intM with the properties bellow.
(a) Γ is invariant by ϕ (but the Γi ’s may be permuted) and each component of M\Γ has negative Euler characteristic.
(b) Γ has a ϕ-invariant tubular neighborhoodN (Γ ) such that on each (not necessarily connected) ϕ-component of M\N (Γ ),
ϕ satisﬁes (1) or (2).
(c) Γ is minimal among all systems satisfying (a) and (b).
(d) ϕ is in the standard form as deﬁned in [6, p. 79].
The ϕ above will be called the standard form isotopic to f . When M is the torus T 2 represented as R2/Z2, a self-
homeomorphism is said to be in standard form if it is covered by a linear map R2 →R2.
Now we give a standard form of homeomorphisms on 2-orbifolds whose singularities are cone points.
Suppose X is a compact hyperbolic 2-orbifold and S(X) consists of cone points, and let ϕ : X → X be a homeomorphism
of X and Γ = {Γ1, . . . ,Γk} (k  0) in int X be a canonical reducing set. Each Γi is either a circle disjoint from S(X), or
is an arc with interior disjoint from S(X) and with ends on cone points of order 2. Let N (Γ ) be a ϕ-invariant tubular
neighborhood of Γ . The components {Ni} of N (Γ ) are annuli, Möbius bands or some D(2,2) which is a disk with two
cone points of order 2. The components {Xi} of X −N (Γ ) are suborbifolds with negative Euler characteristic. On these (not
necessarily connected) ϕ-components, ϕ is either periodic or pseudo-Anosov.
Note that according to Proposition 2.2, this is the general case: If X has only one ϕ-component, the case Γ = ∅ (k = 0)
is either periodic or pseudo-Anosov, while the case Γ = ∅ (k = 0) is reducible.
We ﬁrst consider the standard form of ϕ|N (Γ ). Suppose ϕ|∂N (Γ ) is a periodic map. We shall isotope ϕ|N (Γ ) rel∂N (Γ )
into a standard form.
Let N be a ϕ-invariant component of N (Γ ). Then ϕ|N : N → N is a homeomorphism and ϕ|∂N is periodic. If N =N (Γi)
for a circle Γi disjoint from S(X), then N is either an annulus or a Möbius band, and ϕ is isotopic rel∂N to a standard
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with ends on cone points of order 2, then N is D(2,2).
Lemma 3.5. Let D(2,2) be represented as S1 × [0,1] modulo the identiﬁcation (z, t) ∼ (z¯,1 − t), and let [x] ∈ D(2,2) denote the
equivalent class of x ∈ S1 ×[0,1]. Let ϕ : D(2,2) → D(2,2) be a homeomorphism such that ϕ|∂D(2,2) is periodic. Then ϕ is isotopic
rel∂D(2,2) to a homeomorphism ϕ which is conjugate to one of the following standard maps ψ : D(2,2) → D(2,2).
(1) ψ is identity, Fixψ = D(2,2), or ψ is a rotation, ψ(z, t) = (−z, t), Fixψ is the point O = [(i, 12 )];
(2) ψ is a twist, ψ(z, t) = (zea(2t−1)π i, t), where a is a rational number, Fixψ is ﬁnitely many parallel circles S1 × {t} ∪ A, where
the arc A = [S1 × { 12 }]; or ψ(z, t) = (−zea(2t−1)π i, t), Fixψ is ﬁnitely many parallel circles S1 × {t} ∪ O , where the point
O = [(i, 12 )];
(3) ψ is a reﬂection along an arc, ψ(z, t) = (z¯, t), Fixψ = [{±1} × [0, 12 ] ∪ S1 × { 12 }] is an arc, or ψ(z, t) = (−z¯, t), Fixψ =
[{±i} × [0, 12 ]] is an arc.
Proof. If ϕ is a homeomorphism of D(2,2), it maps a cone point to a cone point and can be isotopic to a periodic one by
[8, Proposition 2.4]. Then the conclusion is clear from [6, Lemma 3.1]. 
Deﬁnition 3.6. A homeomorphism ϕ is said to be in standard form, if its restriction to every periodic ϕ-component is
periodic, its restriction to every pseudo-Anosov ϕ-component is in the standard form ϕ of [6, §2.2], and its restriction to
every ϕ-component of N (Γ ) is in the standard form ϕ of Lemma 3.5 and [6, Lemma 3.1]. (For simplicity, we shall omit the
bar in the notation for the standard forms.)
For a hyperbolic 2-orbifold, we have
Lemma 3.7. Let X be a hyperbolic orbifold and S(X) consists of cone points. If f : X → X is a homeomorphism in standard form, and
f˜ : X˜ → X˜ is a lifting of f , where X˜ is a hyperbolic surface that covers X, then f˜ is also in standard form and has FR-property.
Proof. This follows from the deﬁnitions of the standard forms on surfaces and orbifolds, Proposition 2.4 and [6, Lem-
mas 1.2, 2.2 and 3.4]. 
Proposition 3.8. Let X be a compact hyperbolic orbifold whose singularities are cone points, and let f : X → X be an orbifold
homeomorphism in standard form. Suppose q : X˜ → X is a d-fold orbifold covering, where X˜ is an orientable compact surface, and
F = { f˜1, f˜2, . . . , f˜d} are the liftings of f . Then∑
f˜ ∈F
∑
ind(˜F f˜ )+chr(˜F f˜ )<0
{
ind(˜F f˜ ) + chr(˜F f˜ )
}
 2χ( X˜) = 2dχ(X),
where the sum is taken over all liftings f˜ ∈ F and all ﬁxed point classes F˜ f˜ of f˜ with ind(˜F f˜ ) + chr(˜F f˜ ) < 0.
Proof. Since f is in standard form, f˜ ∈ F is also in standard form, and has FR-property by Lemma 3.7. Hence chr(˜F f˜ ) =
χ(˜F f˜ ) for every nonempty ﬁxed point class F˜ f˜ of f˜ ∈ F by [9, Corollary T]. For any empty ﬁxed point class F˜ f˜ , by [9,
Theorem 3.2], we have chr(˜F f˜ ) 0, so it does not contribute to the summation.
Let Σ denote the union of cone points of X where x ∈ Σ has order kx . Let U = ⋃x∈Σ Ux denote the disjoint
union of small cones, where Ux is a cone centered at the cone point x with cone angle 2π/kx . Further, q−1(Ux) =
{Dx1, Dx2, . . . , Dxd/kx } where Dxj is a disk. Let N denote X −
⋃
x∈Σ intUx and let N˜ denote q−1(N) in X˜ . Thus q|N˜ : N˜ → N is
a covering in the usual sense, and has the property that a circle Cx of ∂N bounding a cone with angle 2π/kx has pre-image
consisting of d/kx circles and each maps to Cx with degree kx .
Let Γ (Γ may be ∅) be the canonical reducing set of f , then q−1(Γ ) is the canonical reducing set of any f˜ ∈ F .
Moreover, If X j is a pseudo-Anosov piece (resp. periodic piece) of f , then a connected component X˜ j of q−1(X j) is a
pseudo-Anosov piece (resp. periodic piece) of any f˜ ∈ F preserving the same foliations lifted from the foliations of X j .
A complete list of possible types of ﬁxed point classes of f˜ ∈ F is given in [6, Lemma 3.6]. Let us examine the list and
focus on ﬁxed point classes F˜ f˜ that contribute to the summation. A 0-dimensional F˜ f˜ must be a ﬁxed point x˜ which is an
interior px˜-prong singularity of a pseudo-Anosov piece. If q(x˜) = x ∈ Σ is a cone point, then x is a px-prong singularity and
px˜ = kxpx . Moreover, x˜ ∈ Fix( f˜ i) for kx liftings f˜ i ∈ F , but there is at most one lifting f˜ ∈ F with ind( f˜ , x˜) + chr( f˜ , x˜) =
2− px˜ < 0 and other kx − 1 liftings of f with ind( f˜ i, x˜)+ chr( f˜ i, x˜) 0. If q(x˜) = x /∈ Σ , then x is a px-prong singularity and
px˜ = px . Further, x˜ ∈ Fix( f˜ ) for at most one lifting f˜ ∈ F with ind(˜F ˜ ) + chr(˜F ˜ ) = 2− px˜ .f f
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C˜ is ﬁxed by a unique lifting f˜ ∈ F , and ind(˜F f˜ ) + chr(˜F f˜ ) = −pC˜ .
A 2-dimensional F˜ f˜ is either an identity piece, or a strip, or an identity piece combined with some neighboring strips,
and F˜ f˜ is ﬁxed by a unique lifting f˜ ∈ F . And ind(˜F f˜ )+ chr(˜F f˜ ) = 2χ(˜F f˜ )−
∑
pC˜ where the sum is over components C˜ of
∂ F˜ f˜ which is at the same time a pC˜ -prong boundary component of a pseudo-Anosov piece X˜ j . Hence∑
f˜ ∈F
∑
ind(˜F f˜ )+chr(˜F f˜ )<0
{























 2χ( X˜) = 2dχ(X)
where
∑
1 sums over the pseudo-Anosov pieces X˜ j , inside the braces x˜ runs over all interior singularities of f˜ | X˜ j for any
lifting f˜ ∈ F and C˜ runs over all boundary components, and ∑2 sums over the periodic pieces X˜i . By the Euler–Poincaré
formula of [1, p. 75] (applied to the stable foliation of f˜ | X˜ j ), the sum in braces equals 2χ( X˜ j). 
4. Proof of Theorem 1.2
Let M be a compact connected orientable Seifert manifold. Use the notations in [2, Chapter 2] and suppose
M = M(±g,h;β1/α1, β2/α2, . . . , βm/αm), where g is the genus of the underlying surface F of the orbifold X(M) =
F (α1, . . . ,αm) = F (α1, . . . ,αk), with the sign + if F is orientable and the sign − if F is nonorientable, and h is the
number of boundary components of F , and αi > 1, i = 1,2, . . . ,k are the indices of the singular ﬁbers, αk+1 = · · · = αm = 1.
Moreover, if ∂M = ∅ (h > 0), then we can take m = k 0; if ∂M = ∅ (h = 0), then we can take m = k when k 1, and m = 1
when k = 0.
Now we consider the fundamental group π1(M) of a compact orientable Seifert manifold M .
Theorem 4.1. Suppose M is a compact orientable Seifert manifold.
(1) If M = M(g,h;β1/α1, β2/α2, . . . , βm/αm) and X(M) = F (α1, . . . ,αm), then
π1(M) = 〈a1,b1, . . . ,ag,bg, c1, . . . , cm,d1, . . . ,dh, t|∼〉
where the relation ∼ is{
ait = tai,bit = tbi, cit = tci,dit = tdi, cαii = t−βi ,
g∏
i=1







)= 〈a1,b1, . . . ,ag,bg, c1, . . . , cm,d1, . . . ,dh|∼〉




[ai,bi]c1 · · · cmd1 · · ·dh = 1
}
.
(2) If M = M(−g,h;β1/α1, β2/α2, . . . , βm/αm), and X(M) = F (α1, . . . ,αm), then
π1(M) = 〈a1, . . . ,ag, c1, . . . , cm,d1, . . . ,dh, t|∼〉
where the relation ∼ is{







)= 〈a1, . . . ,ag, c1, . . . , cm,d1, . . . ,dh|∼〉
where the relation ∼ is{
cαii = 1,a21 · · ·a2gc1 · · · cmd1 · · ·dh = 1
}
.
Furthermore, each δi is ±1 and t is represented by any regular ﬁber.
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rem 12.1]. 
The rank problem for Fuchsian groups (fundamental groups of hyperbolic orbifolds) without reﬂection was solved in [15]
and [11] by H. Zieschang, G. Rosenberger and N. Peczynski; see also [14]. They showed the following.
Theorem 4.2 (Zieschang, Peczynski, Rosenberger). Let G be a Fuchsian group with orbifold O = F (α1, . . . ,αk), where the closed
surface F denotes the underlying space ofO and αi > 1 denotes the order of the cone points. Then the following hold.
(1) If k = 0 then rank(G) = −χ(F ) + 2;
(2) If χ(F ) = 2, that is, F = S2 , k 4 is even, αi is odd for some i, and α j = 2 for j = i, then rank(G) = −χ(F ) + k = k − 2;
(3) In all other cases rank(G) = −χ(F ) + k + 1.
Following from the two theorems above, we have
Proposition 4.3. Let M be a compact orientable Seifert manifold with hyperbolic orbifold X(M) = F (α1, . . . ,αk) and k (k  0)
singular ﬁbers. Then
(1) If k = 0 and ∂M = ∅, then M is an orientable circle bundle over the surface F and
rankπ1(M) = rankπ1(F ) + 1 = −χ(F ) + 2.
(2) If k = 0 and ∂M = ∅, then M = M(±g,0;β/1) is an orientable circle bundle over a closed surface F and
rankπ1(F ) rankπ1(M) rankπ1(F ) + 1,
i.e.,
−χ(F ) + 2 rankπ1(M)−χ(F ) + 3.
Further, if F is orientable and M = F × S1 , then rankπ1(M) = rankπ1(F ) + 1 = −χ(F ) + 3.
(3) If k 1, then rankπ1(X(M)) rankπ1(M) rankπ1(X(M)) + 1.
Further, if ∂M = ∅ and χ(F ) = 2, that is, F = S2 , k 4 is even, αi is odd for some i, and α j = 2 for j = i, then rankπ1(X(M)) =
−χ(F ) + k = k − 2, and
−χ(F ) + k rankπ1(M)−χ(F ) + k + 1.
In all other cases, rankπ1(X(M)) = −χ(F ) + k + 1, and
−χ(F ) + k + 1 rankπ1(M)−χ(F ) + k + 2.
Proof. Case (1) and (2) is clear from Theorem 4.1.
Now we consider Case (3). By the presentations in Theorem 4.1, π1(X(M)) can be presented by adding relation t = 1 to
π1(M). Hence rankπ1(X(M))  rankπ1(M). Moreover, π1(M) can be presented by adding a generator t to the generators
of π1(X(M)). Hence rankπ1(M) rankπ1(X(M)) + 1.
If M is closed, then the conclusions are from Theorem 4.2. If ∂M = ∅, then the last relation can be eliminated
by solving dh in terms of other generators. Thus in this case, π1(X(M)) is just a free product of cyclic groups and
rankπ1(X(M)) = −χ(F ) + k + 1. 
Let M be a compact connected orientable Seifert manifold with projection map p : M → X(M) where X(M) is a hy-
perbolic orbifold. Let f : M → M be a ﬁber preserving homeomorphism on M , and let f ′ : X(M) → X(M) be the induced
homeomorphism on the orbifold.
We ﬁrst consider the special case that q : M → X(M) = F is an orientable circle bundle over an orientable compact sur-
face F . Notice that if M is a connected orientable circle bundle over an orientable surface, then all ﬁbers can be coherently
oriented, so a ﬁber preserving homeomorphism f : M → M either preserves or reserves the orientation of all ﬁbers.
Lemma 4.4. ([7, Proposition 2.8]) Suppose q : M → F is an orientable circle bundle over an orientable compact hyperbolic surface F .
Suppose f : M → M is a ﬁber preserving homeomorphism that reverses the ﬁber orientation and the induced map f ′ : F → F is in
standard form. Then f has the FR-property.
Lemma 4.5. Suppose q : M → F is an orientable circle bundle over an orientable compact hyperbolic surface F . Suppose f : M → M
is a ﬁber preserving homeomorphism that reverses the ﬁber orientation and the induced map f ′ : F → F is in standard form. Let C ′ be
a component of Fix( f ′), and let C = q−1(C ′) ∩ Fix( f ). Then either
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(2) C splits into two components C1 and C2 , each a ﬁxed point class of f , and ind( f ,C1) = ind( f ,C2) = ind( f ′,C ′)  1,
chr( f ,C1) = chr( f ,C2) = χ(C1) = χ(C2) = χ(C ′) = chr( f ′,C ′).
Proof. The equality of ind is from [7, Lemma 2.9]. Since f ′ : F → F is in standard form, chr( f ′,C ′) = χ(C ′) by [9, Corol-
lary T].
Let F⊂ C be a ﬁxed point class of f . It follows from Lemma 4.4 that f has the FR-property. Hence F is connected, and its
stabilizer Stab( f ,F) can be represented in F itself. Conversely, since q|F : F→ C ′ is a covering and ( f ′|C ′ )π : π1(C ′) → π1(F )
is injective, ( f |F)π : π1(F) → π1(M) is injective. So Stab( f ,F) = π1(F) and chr(F) = χ(F). Hence the equality of chr holds
obviously. 
Proposition 4.6. Suppose q : M → F is an orientable circle bundle over an orientable compact hyperbolic surface F . If f : M → M is
a ﬁber preserving homeomorphism that reverses the ﬁber orientation, then





ind(F) + chr(F)} 4χ(F ),
where the sum is taken over all essential ﬁxed point class F with ind(F) + chr(F) < 0.
Proof. Since ind(F) and chr(F) are homotopy invariants, via ﬁber preserving isotopy, we may assume the induced map
f ′ : F → F is in standard form.
Conclusion (A) holds obviously from Theorem 1.1 and Lemma 4.5.
By Lemma 4.5, we have∑
ind(F)+chr(F)<0
{






)+ chr( f ′,F′)}
where the ﬁrst sum is taken over all essential ﬁxed point class F with ind(F)+ chr(F) < 0, and the second sum is taken over
all essential ﬁxed point classes F′ of f ′ with ind(F′) + chr(F′) < 0. Hence conclusion (B) holds from Theorem 1.1. 
Now we consider the general case that f : M → M is a ﬁber preserving homeomorphism on a compact orientable Seifert
ﬁber space M . Let p : M → X(M) be the projection map, and let f ′ : X(M) → X(M) be the induced homeomorphism on the
orbifold.
Consider the restriction of f on p−1(W ) for a component W of Fix( f ′). For each x ∈ W , the ﬁber Lx = p−1(x) is f -
invariant. Since W is connected, it is clear that f preserves the orientation of a ﬁber over W if and only if it preserves
all the ﬁbers over W . In this case, we say that f is ﬁber orientation preserving over W . Otherwise, it is ﬁber orientation
reversing over W .
Lemma 4.7. ([8, Lemma 6.1]) Suppose f is ﬁber orientation preserving over some component W of Fix( f ′). Let M ′ = p−1(N(W )).
Then f can be deformed via a ﬁber preserving isotopy relM − M ′ , to a homeomorphism which has no ﬁxed point in M ′ .
Proposition 4.8. Suppose M is a compact connected orientable Seifert manifold with hyperbolic orbifold X(M), and f : M → M is a
ﬁber preserving homeomorphism with respect to the Seifert ﬁbration of M. Then





ind(F) + chr(F)} 4χ(X(M))
where the sum is taken over all essential ﬁxed point class F with ind(F) + chr(F) < 0.
Proof. Since ind(F) and chr(F) are homotopy invariants, up to a ﬁber preserving isotopy, we may assume that the induced
map f ′ : X(M) → X(M) is in standard form. Moreover, we may assume that f reverses the orientation of any ﬁber which
contains a ﬁxed point of f by Lemma 4.7.
Suppose A ∈ Fix( f ) is f -related to B by a path c, where B is a ﬁxed point of f or an f -invariant component of ∂M .
By [12, Theorem 2.5] there is a ﬁnite covering q : X(M˜) → X(M) of orbifold such that X(M˜) is an orientable surface. The
pull-back of the Seifert ﬁbration p : M → X(M) via q gives a covering manifold q′ : M˜ → M with ﬁbration p′ : M˜ → X(M˜).
Since X(M˜) is an orientable surface, the ﬁbration p′ is an orientable circle bundle over the orientable surface X(M˜). By the
remark before Lemma 3.3 after passing to further ﬁnite covering if necessary, we may assume that q′ is a characteristic
covering with degree d.
Let f˜ : M˜ → M˜ be a lifting of f which ﬁxes a point A′ with q′(A′) = A. By Lemma 3.3, A′ is f˜ -related to some compo-
nent B ′ of q′−1(B), by a path c′ which is a lifting of c. Since A is a ﬁxed point of f , by the above assumption f reverses the
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hence the orientation of all ﬁbers because the ﬁbers of M˜ can be coherently oriented. Since the orbifold homeomorphism
f˜ ′ : X(M˜) → X(M˜) is a lifting of the standard map f ′ , it is also standard. By Lemma 4.4, f˜ has the FR-property. Hence there
is a homotopy h′t deforming c′ to γ ′ ⊂ Fix( f˜ ) rel (A′, B ′). The projection of h′t on M is a homotopy q′ h′t : c  q′ γ ′ rel (A, B).
Since q′  γ ′ is a path in Fix( f ), this proves that f has the FR-property.
Hence, an essential ﬁxed point class F of f (resp. F˜ of f˜ ) is a connected component of Fix( f ) (resp. Fix( f˜ )). Moreover, if
F˜ ⊂ q′−1(F) ∩ Fix( f˜ ), then q′ |˜F : F˜ → F is a covering. Since p′ : M˜ → X(M˜) is an orientable circle bundle over the orientable
surface X(M˜), we have ( f˜ |˜F)π : π1 (˜F) → π1(M˜) is injective and chr( f˜ , F˜) = χ(˜F) by the proof of Lemma 4.5. So ( f |F)π :
π1(F) → π1(M) is also injective and chr( f ,F) = χ(F).
Let F = { f˜1, f˜2, . . . , f˜d} be all the liftings of f , and F ′ = { f˜ ′1, f˜ ′2, . . . , f˜ ′d} be all the liftings of f ′ , where f˜ ′i is the induced
homeomorphism on orbifold of f˜ i . For any ﬁxed point class F of f and any ﬁxed point class F˜i of f˜ ∈ F which is a ki-fold
cover of F, we have
chr( f ,F) = χ(F), chr( f˜ , F˜i) = χ(˜Fi) = kiχ(F) = ki chr( f ,F).
By the proof of Lemma 3.4, we have ind( f˜ , F˜i) = ki ind( f ,F). By Proposition 4.6, ind( f˜ , F˜i) chr( f˜ , F˜i), so equality (A) holds.
Now we consider equality (B). By the discussion above, we have∑
f˜ ∈F
∑
ind( f˜ ,˜Fi)+chr( f˜ ,˜Fi)<0
{














where the sum is taken over all ﬁxed classes F˜i and all lifting f˜ of f with ind( f˜ , F˜i) + chr( f˜ , F˜i) < 0.
By the proof of Proposition 4.6 and Proposition 3.8, we have∑
f˜ ∈F
∑
ind( f˜ ,˜Fi)+chr( f˜ ,˜Fi)<0
{




















ind(F) + chr(F)} 4χ(X(M)),
where the sum runs over all essential ﬁxed point class F with ind(F) + chr(F) < 0. So equality (B) holds. 
Following from theorem [8, Theorem 3.11], we have
Lemma 4.9. Suppose M is a compact orientable Seifert manifold and p : M → X(M) is a Seifert ﬁbration with hyperbolic orbifold
X(M). Then any homeomorphism on M is isotopic to a ﬁber preserving homeomorphism with respect to this ﬁbration.
Proof of Theorem 1.2. Since ind(F) and chr(F) are homotopy invariants, by Lemma 4.9, up to an isotopy, we may assume
that f is ﬁber preserving with respect to this ﬁbration.











Since the left hand of the equality is an integer, we have∑
ind(F)+chr(F)<0
{
ind(F) + chr(F)} {4χ(F ) k = 0,4(χ(F ) − k + 2) X(M) = S2(α1, . . . ,αk),
4(χ(F ) − k + 1) others,
where k  4 is even, αi is odd for some i, and α j = 2 for j = i in the second case. Hence equality (B) holds from Proposi-
tion 4.3. 
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The example bellow shows that the bound in Theorem 1.2 is sharp.
Example 5.1. Let F2 = (eiϕ × eiψ \ int D1) ∪g (∂D2 × [0,1]) ∪h (eiα × eiβ \ int D2), where ϕ,ψ,α,β ∈ (−π,π ], and D1 =
{eiϕ × eiψ | ϕ,ψ ∈ [−π/4,π/4]}, D2 = {eiα × eiβ | α,β ∈ [−π/4,π/4]} are two disks, and








Then F2 is an orientable closed surface of genus 2. Let M = F2 × S1, where S1 = {eiθ | θ ∈ (−π,π ]}. Let f = f L ∪ fM ∪ f R :
M → M , where
f L :
(
eiϕ × eiψ \ int D1




)= (eiϕ, eiψ, e−iθ ),
f R :
(
eiα × eiβ \ int D2









)× S1 → (∂D2 × [0,1])× S1,
fM
(
eiα, eiβ, t, eiθ
)= (eiα, eiβ, t, ei(tα−θ)).
Hence
Fix( f L) =
{(
eiϕ, eiψ,±1) ∣∣ ϕ,ψ ∈ (−π,π ]} \ int D1 × S1,
Fix( f R) =
{(
eiα, eiβ,±eiα/2) ∣∣ α,β ∈ (−π,π ]} \ int D2 × S1,
Fix( fM) =
{(
eiα, eiβ, t,±eitα/2) ∈ (∂D2 × [0,1])× S1}.
So
Fix( f ) = Fix( f L) ∪ Fix( fM) ∪ Fix( f R) ∼= F3,
an orientable closed surface of genus 3. Hence f has a unique essential ﬁxed point class F, ind(F) = chr(F) = χ(F3), and∑
ind(F)+chr(F)<0
{
ind(F) + chr(F)}= −8.
Since rankπ1(M) = 5, we have∑
ind(F)+chr(F)<0
{
ind(F) + chr(F)}= 4(3− rankπ1(M)). 
If φ : π1(M) → π1(M) is a generic automorphism, then the following example given by S.C. Wang shows that the rank
of the ﬁxed subgroup can be inﬁnite.
Example 5.2. G := 〈x1, x2, t | [x1, t] = [x2, t] = 1〉. f : G → G such that x1 → x1t , x2 → x2, t → t . Then u ∈ G is in Fix( f ) if
and only if the total x1 exponent in u is zero. So Fix( f ) is inﬁnitely generated.
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